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EXPONENT OF SELF-SIMILAR FINITE p-GROUPS
ALEX CARRAZEDO DANTAS AND EMERSON DE MELO
Abstract. Let p be a prime and G a pro-p group of finite rank
that admits a faithful, self-similar action on the p-ary rooted tree.
We prove that if the set {g ∈ G | gp
n
= 1} is a nontrivial subgroup
for some n, then G is a finite p-group with exponent at most pn.
This applies in particular to power abelian p-groups.
1. Introduction
A group G is self-similar of some integer degree m if it has a faithful
representation on an infinite regular one-rooted m-tree Tm such that
the representation is state-closed and is transitive on the tree’s first
level. Equivalently, a group G is self-similar of degree m if there exists
a subgroup H of G of index m and a homomorphism f from H to G
such that the only subgroup of H , normal in G and f -invariant is the
trivial subgroup.
Faithful self-similar representations are known for many individual
finitely generated groups ranging from the torsion groups of Grigorchuk
and Gupta-Sidki to free groups. Such representations have also been
studied for the family of abelian groups, of finitely generated nilpotent
groups, wreath product of abelian groups, as well as for arithmetic
groups, see [2], [3], [5], [4], and [11] for more references.
Let p be a prime and G a pro-p group. Consider the following sub-
groups of G: Ωn(G) = 〈g ∈ G | g
pn = 1〉 and Gp
n
= 〈gp
n
| g ∈ G〉. If
G is abelian, we have the following simple description of these groups:
(1) Ωn(G) = {g ∈ G | g
pn = 1}.
(2) Gp
n
= {gp
n
| g ∈ G}.
Moreover, we have that:
(3) |Gp
n
| = |G : Ωn(G)| for all i.
We call a finite p-group G power abelian if it satisfies these three con-
ditions for all i. It is a very interesting problem to determine which
groups are power abelian. In [10] P. Hall introduced the notion of reg-
ular groups and showed that they are power abelian. Recently, it was
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proved in [7] that potent p-groups are also power abelian. Recall that
a finite p-group G is potent if [G,G] ≤ G4 for p = 2 or γp−1(G) ≤ G
p
for p > 2. Note that the family of potent p-groups includes powerful
p-group ([G,G] ≤ G4 for p = 2 or [G,G] ≤ Gp for p > 2). More in-
formation on finite p-groups satisfying property (1), (2) or (3) can be
found in [12].
Not much is known about self-similarity of finite p-groups. We can
mention the work of Sunic [15], he proved that a finite p-group G
is self-similar of degree p with an abelian first level stabilizer if and
only G is a split extension of an elementary abelian group by a cyclic
group of order p. Actually, in [1, Theorem 2.2] it was showed that this
characterization extends to all finite p-groups with an abelian maximal
subgroup, without needing to specify any properties of its action on the
tree. In [1] it was also proved that if G is a self-similar finite p-group of
rank r (self-similar of degree p), then its order is bounded by a function
of p and r. In other words, they proved that, for every prime p, there
are only finitely many self-similar p-groups of a given rank.
In the present article we address the case where G is a self-similar
pro-p group of degree p. We show that the exponent of G is determined
by its “power structure”. Recall that a pro-p group has finite rank if
there exists a positive integer r such that any closed subgroup has a
topological generating set with no more than r elements.
Theorem 1.1. Let p be a prime and G a pro-p group of finite rank
such that {g ∈ G | gp
n
= 1} is a nontrivial subgroup of G for some
n. If G is self-similar of degree p, then G is a finite p-group and has
exponent at most pn.
If G is a finite p-group, then of course Ωn(G) = {g ∈ G | g
pn = 1}
for some n. Using Theorem 1.1 we obtain that the exponent of a self-
similar finite p-group satisfying property (1) is equal to p. In particular,
the exponent of a finite self-similar power abelian p-group is equal to
p. In some sense Theorem 1.1 generalize the following results:
• A self-similar torsion abelian group of degree p has exponent p,
as proved by Brunner and Sidki [5].
• If a finitely generated nilpotent group G is self-similar of degree
p, then G is either free abelian or a finite p-group, as proved by
Berlatto and Sidki [4, Corollary 2].
It should be mentioned that if G is self-similar of degree p and the
set {g ∈ G | gp
n
= 1} is not a subgroup, then G need not be a torsion
free group. For example the pro-2 group Z2⋊C2 (dihedral pro-2 group)
is self-similar of degree 2 and the set of elements of order 2 is not a
subgroup.
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We use Theorem 1.1 to obtain a generalization of the above men-
tioned result of [15].
Theorem 1.2. Let p be a prime. If G is a self-similar finite p-group of
degree p such that the first level stabilizer is power abelian, then G is a
split extension of a p-group of exponent p by a cyclic group of order p.
In general, p-groups with a maximal power abelian subgroup are
not self-similar. In particular, we have the following example. Let G
be an extra-special p-group of exponent p and order at least p5. Let
H be a maximal subgroup of G. In this case we have that [G,G] =
[H,H ]. Then the subgroup [H,H ] is normal and f -invariant for any
homomorphism f from H to G and G is not self-similar. On the other
hand, in Section 4 we provide examples of self-similar finite p-groups
with nonabelian but power abelian first level stabilizer.
2. Preliminaries
Self-similar groups: Let Am = Aut(Tm) be the group of automor-
phisms of the infinite regular one-rooted m-ary tree Tm. The group Am
is isomorphic to Am ≀Sm, where Sm is the symmetric group of degree m.
Then an element α of Am is given by α = (α0, α1, ..., αm−1)σ(α), where
αi ∈ Am and σ(α) is the action of α in the first level of Tm. A subgroup
G of Am is state-closed if for all α = (α0, α1, ..., αm−1)σ(α) ∈ G implies
αi ∈ G. Also, let P (G) denote the permutation group induced by G
on the first level of the tree. We say G is transitive provided P (G) is
transitive. A subgroup G of Am is said to be self-similar provided it is
a state-closed and transitive group.
Virtual endomorphism: Let G be a group and let H be a subgroup
of G of index m. A homomorphism f : H → G is called a virtual
endomorphism of G. Let T = {t0, t1, ..., tm−1} be a transversal of H in
G. Thus
ϕ : g 7→ gϕ =
(
[tigt
−1
(i)σ(g)]
fϕ
)
0≤i≤m−1
σ(g), ∀g ∈ G,
is a homomorphism of G in Am, where σ(α) is the permutation of T
induced by g. The kernel of ϕ is the subgroup f − core(H) given by
f − core(H) = 〈K ≤ H | H ⊳ G,Kf ≤ K〉.
If f − core(H) = {1}, then f is called simple endomorphism. Note
that Hϕ = FixGϕ(0) = {g
ϕ ∈ Gϕ | (0)σ(g) = 0}. The next theorem is
well-known (see [13] and [14] for further details).
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Theorem 2.1. A group G is self-similar of degree m if and only if
there exists a simple endomorphism f : H → G, where H is a subgroup
of G of index m.
Example 2.2. Consider the finite p-group G with the presentation
〈a, b | [a, b] = c, [a, c] = [b, c] = ap = bp = cp = 1〉,
H its subgroup 〈a, c〉 of index p and define f : H → G the homomor-
phism that extend the map a 7→ c, c 7→ b. Note that f is a simple
virtual endomorphism. Hence G is a self-similar group of degree p. If
T = {1, b, ..., bp−1}, then H, f and T iduce a representation ϕ : G→ Ap
such that
Gϕ = 〈α = (γ, γβp−1, γβp−2, ..., γβ), γ = (β, ..., β), β = (0 1 ... p− 1)〉.
The following two lemmas was proved in [15, Lemma 3] and [4,
Proposition 2], respectively. For the reader’s convenience we supply
a proof.
Lemma 2.3. Let G be a pro-p group and f : H → G a simple virtual
endomorphism of degree p. If H contains elements of order p, then
Hf \H contains elements of order p. In particular, G = H ⋊ 〈a〉 for
some element a of order p.
Proof. Let P be the set of elements in H of order dividing p. The set
P contains nontrivial elements and the subgroup 〈P 〉 is a nontrivial,
characteristic subgroup of H . Therefore, Ω1(P ) is nontrivial, normal
subgroup of G. The elements of P are mapped under f to elements
of order dividing p. If all elements of P are mapped inside H , then
they are mapped to other elements in P . In that case Ω1(P ) would
be a nontrivial, normal, f -invariant subgroup of G, a contradiction.
Therefore there exists an element in P that is mapped under f outside
of H . The image of such an element has order p and this completes
the proof. 
Lemma 2.4. Let G be a pro-p group and f : H → G a simple virtual
endomorphism of degree p of G. Then f : H ∩ Hf → Hf is also a
simple virtual endomorphism of degree p.
Proof. Let a be an element of order p in Hf \ H . Such an element
exists by Lemma 2.3. Since [G : H ] = p and Hf 6= Hf ∩ H we have
that [Hf : Hf ∩ H ] = p. Let K be a subgroup of H ∩Hf , normal in
Hf , with Kf ≤ K. Thus, K ≤ Kf
−1
and Kf
−1
is normal in H . Then
K = Ka ≤ (Kf
−1
)a = (Kf
−1
)ha
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for all h ∈ H , that is K ≤ (Kf
−1
)g for all g ∈ G. Let M =
∩g∈G(K
f−1)g. Then K ≤ M ≤ Kf
−1
. Thus M is a normal subgroup
of G such that Mf ≤ K ≤ M . Therefore, M = 1 = K. 
Theorem 2.5. Let G be a pro-p group and f : H → G a simple
virtual endomorphism of degree p of G. Then Hp
n
= 1 if and only if
(Hf)p
n
= 1.
Proof. It is clear that if Hp
n
= 1, then (Hf)p
n
= 1. Suppose that
(Hf)p
n
= 1 e let K be the kernel of f . Thus Hp
n
≤ K since (Hp
n
)f = 1.
On the other hand, Hp
n
is a characteristic subgroup of H and then it
is a normal subgroup of G. Therefore, Hp
n
= 1 
3. Proof of Theorem 1.1 and Theorem 1.2
Assume the hypothesis of Theorem 1.1. Thus G is a pro-p group of
finite rank such that the set {g ∈ G | gp
n
= 1} is a nontrivial subgroup
for some n and there exists a simple virtual endomorphism f : H → G
of degree p. We wish to show that G has exponent pn. Clearly in this
case we have Ωn(G) = {g ∈ G | g
pn = 1}.
A pro-p group of finite rank has a characteristic torsion free subgroup
of finite index, see for example [6, Corollary 4.3]. Then G contains a
torsion free subgroup F of finite index. In particular, we have that
Ωn(G) ∩ F = 1 and then Ωn(G) is finite.
We argue by induction on the order of Ωn(G). Note that Ωn(H) =
H ∩ Ωn(G). First assume that Ω(H) = 1. In this case we have G =
H × 〈a〉 where a is an element of order p since Ωn(G) is normal in G
and H has index p. We obtain that Gp = Hp. On the other hand we
have that (Hp)f = (Hf)p ≤ Gp. Then Hp is an f -invariant normal
subgroup of G. Therefore Hp = 1 and we conclude that G = Ω1(G).
Now, assume that Ω(H) 6= 1. In this case we have that G = H⋊ 〈a〉
where a is an element of order p by Lemma 2.3. If Ωn(H)
f = Ωn(H),
then Ωn(H) = 1. Thus |Ωn(H ∩ H
f)| < |Ωn(H)|. By induction and
using Lemma 2.4 we obtain that Hf has exponent at most pn. Now, by
Lemma 2.5 H has exponent at most pn. Therefore G = {g ∈ G | gp
n
=
1} and this completes the proof of Theorem 1.1.
Now, assume the hypothesis of Theorem 1.2. Thus G is a finite
p-group, H is power abelian and f : H → G a simple virtual endo-
morphism of degree p. Thus Ω1(H) = {h ∈ H | h
p = 1} and then
Ω1(H
f) = {g ∈ Hf | gp = 1}. Now, using Lemma 2.4 and Theorem
1.1 we conclude that Hf has exponent p. Therefore H has exponent p
by Lemma 2.5 and the proof is complete.
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4. Discussion
By [15] a extra-special p-group of order p3 and exponent p and the
wreath product Cp ≀Cp are self-similar p-groups of degree p with abelian
first level stabilizer, since they have a maximal elementary abelian sub-
group. It is clear that they have exponent p and p2 respectively. In
[14, Proposition 2.9.3] it was proved that the direct power of a self-
similar group is again self-similar. In particular, it is easy to see that
a direct power of extra-special p-groups of order p3 and exponent p is
self-similar with a non-abelian but power abelian first level stabilizer.
The next result shows that it is also possible to construct self-similar
p-groups of exponent p2 with a non-abelian but power abelian first level
stabilizer.
Theorem 4.1. If G is a self-similar finite p-group of degree p, then
P = G ≀ Cp is also.
Proof. By Theorem 2.2 and Lemma 2.4, there exist a subgroup H of
index p in G, a simple endomorphism f : H → G and an element a
in G of order p such that G = H ⋊ 〈a〉. Let T = {1, a, a2, ..., ap−1}
a transverse of H in G. Then H , f and T induce the representation
ϕ : G→ Ap that extend the following map
a 7→ aϕ = (0 1 ... p− 1) = σ
h 7→ hϕ = (hfϕ, ha
p−1fϕ, ..., hafϕ) = (k0, k1, ..., kp−1),
where h ∈ H . Consider the homomorphism
θ : Gϕ → Ap
gϕ 7→ (gϕ, e, ..., e).
We affirm the group P = 〈Gϕθ, σ〉 is state-closed. In fact, the states of
P are the elements of Gϕ. Since that aϕ = σ ∈ P , we need only show
that hϕ ∈ P , for all h ∈ H . Note that
hϕ = (k0, k1, ..., kp−1) = k
θ
0k
θσ
1 ...k
θσp−1
p−1 ∈ 〈G
ϕθ, σ〉.
The assertion follows. Since P is transitive and isomorphic to G ≀ Cp,
the results follows. 
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